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We present an alternative method for calculating amplitudes for corre- 
lated 7T7T exchange in the "<r" and p channel in irN scattering. Starting from 
a fixed mass meson exchange potential, we introduce the width of the ex- 



changed particles by integrating over a mass spectral function. The spectral 

f-*N , functions are constructed from the pseudoempirical NN — ► tttt data. Using 

this approach we develop a prescription for resolving ambiguities of the cor- 
ON 

related -kit exchange in the p channel that occur when different dispersion 
theoretical formulations of p exchange are used to construct irN potentials. 
3 ! PACS:11.10.Ef,11.55.Fv,13.75.Gx 
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I. INTRODUCTION 

The exchange of meson pairs plays an important role in hadron dynamics. The first 
meson exchange models of the two-nucleon interaction were based on the exchange of one 
meson only and had to introduce a scalar-isoscalar meson (the sigma) which is not seen as a 
resonance in the two-pion phase shifts and has remained a controversial issue |ij. Models of 
the two-nucleon interaction based on dispersion relations show that the sigma meson can be 
understood as an effective degree of freedom which parameterizes the exchange of two pions 



0-0. A natural extension of this approach leads to the inclusion of inr correlations in the 
p-channel || . In addition to the exchange of two pions, the exchange of a pion-rho pair is 
necessary to describe the phase shifts, in particular near the pion production threshold |J . 




-t[m;] 

FIG. 1. Coupling constants gpn-Kgv/^ (a), g piT - K gt/^'K (b) and the ratio k = gt/gv (c) calculated 
by using different dispersion relations as in Ref. j/j . The solid line is for the T amplitudes of eq. 
( |l2| ) , the dashed line for the / amplitudes of eq. ( |l0| ) and the dotted line for the h amplitude from 
eq. (O) . The g amplitude is proportional to the I^ amplitude and therefore gives the same tensor 



coupling as the T amplitudes. The amplitudes are defined in Sec. [II 



Correlated two-pion exchange has been incorporated in meson-theoretic models of both 
pion-nucleon || and kaon-nucleon scattering 0. In these calculations ambiguities in the 
dispersion theoretic approach |10| to the correlated two-meson exchange in the p channel 



were encountered []. The quantitative effect of these ambiguities is illustrated in Fig. [T], 
where we show the vector and tensor pNN coupling as calculated using different dispersion 
relation formulations J7|. Given the important role of correlated two- meson exchanges in 
many different hadronic reactions, one is compelled to address the question which of the 
various dispersion relation formulations is preferred. In order to answer this question, we 
calculate the correlated tttt exchange, not in the framework of dispersion relations, which 
suffer from the problem of being ambiguous, but in a formulation based on spectral functions. 
We introduce this method in the next section using the ttN potential due to correlated 
7T7T exchange in the a channel as an example, which is simpler than the exchange in the p 
channel. In the third section we deal with the construction of the potential in the p channel 
and discuss the problem of differing results in the dispersion relation approach. The last 
section summarizes our results. 

II. THE vriV POTENTIAL OF CORRELATED tttt EXCHANGE IN THE a 

CHANNEL 

In order to extract the dynamical information from the transfer matrix in both channels, 
NN — > mi (hereafter called the t-channel) and ttN — > ttN (hereafter called the s-channel), 
one must first decompose the T-matrix into well-defined operators and amplitudes that 
contain the dynamics of the reaction. The most familiar amplitudes in this respect are the 
/ amplitudes (see Fig. ||D introduced by Frazer and Fulco fT3| , which we will use as input 
for our calculations. The details of this decomposition are given in the appendix |A|. 



x In the dispersion theoretic approach the p exchange is defined by integrating right hand cuts 



only [11|. By leaving out contributions from the left hand cuts, the mentioned ambiguities arise. 
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FIG. 2. Spectral functions (Im(f)) in the a (/?) and p (/_J_) channel of the reaction NN — ► 7T7r. 



The experimental information is taken from Ref. |L2||. The curves are from the microscopical model 
of Ref. 0. 



Our starting point for the construction of the correlated im exchange is the Lagrangian 



£int = gNNa^^CT 






(1) 



We use derivative coupling at the aim vertex to ensure chiral symmetry. From this La- 
grangian we calculate a nN potential 



V„ 



g<rNNg, 



CT1TTT r. fj, ■ 



2m, 



2 P2aP4 P <r(t, m a )u(p 3 , A 3 )u(pi, Ai), 



(2) 



where the propagator P a (t, rri^.) depends on the theoretical framework in which one is work- 
ing. In a covariant approach the propagator is 

t — m£ 
Our notation is shown in Fig. |5] in the appendix. 

The potential V a can be expressed in terms of the invariant amplitudes A and B denned 
in the appendix: 



£(+) = 0. (3) 

In order to obtain an idea of how to proceed, let us look again at the spectral functions in 
Fig. |2|. The two spectral functions of the p channel suggest a Breit-Wigner parameterization 
of a resonance. The width of such a resonance is the decay width of the particle. If the 
particle is stable the width is zero, resulting in a delta function located at the mass squared 
of the particle. The spectral functions (Im(f)) can then be regarded as mass distributions of 
an unstable particle. We can then incorporate the width of the a meson into our amplitudes 
by exchanging a continuum of a mesons with different masses m a , with amplitudes weighted 
according to the spectral function. This can be cast in spectral form flllHlbl : 



4 + J = - I dmlp a (ml)Al + \ml), (4) 

IT J 

where the spectral function is normalized according to 

- / dmlp a (ml) = 1. 

All that we need do is calculate the spectral function pa{rn a ). We do this by relating the 
spectral function to the dressed a propagator, D a (ml.), via 

p a (ml) = -Im(D a (ml)). (5) 

In order to extract the a propagator, we express the NN — > tttt amplitudes of eq. ( |A10| ) as 
a a pole diagram with a dressed propagator, D a (t), which contains all the tttt dynamics, as 
shown in Fig. || We thus obtain 

4 +) = g -^f^2 q ^D a (t) = -%f + {t). (6) 
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FIG. 3. Expressing the NN — > tttt T-matrix in term of a meson pole diagram with a dressed 
propagator, which contains all the dynamics. 



The spectral function is then given by 



pMl) = -Im{D a {mD) = %Im{fJt)) ' 2 " h 



P? 



gcnrngaNN 2q^^q i 



/' ■ 



from which we obtain the amplitude A 2jT . 



(+). 



, Irn(f° + (t>)) 



^-^^J^'^^W) 



-16(2p 2 ^)Jdt'— 



p 2 tl (t'-2mlY 

Im{fl{t')) 



-Pa(t,t'), 



(7) 



(8) 



it' -4m 2 N ){t' -2ml) 

Here we have used the relation 2q 3 q% = t'—2m 2 and the definition of the on shell momentum 
p 2 , = j — m 2 N and changed the variable of integration from m 2 to t' . This enables us to 
compare our expression directly with the results of the dispersion theoretical approach of 
Ret (J 

ImUl{t')) 



A { 2 t ] = 16(£ - 2ml) / dt'- , , . 

2n K ^J {t'-im 2 N ){t-t'){t'-2m 2 ) 

The tilde is used only as a reminder that this is a result from dispersion theory. 



(9) 
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FIG. 4. The factors (— 2p2^p^) (solid line) and (t — 2m%) (dotted line) as a function of the 
off-shell momentum \p±\ where |p2|=100 MeV is fixed. The momenta p2 and p4 are chosen to be 
parallel. 



In comparing the two results, eq. (U) derived by using the spectral function and eq. 
(§) calculated within the framework of dispersion relations, we find differences only in the 
factor in front of the integral: — (2£>2 M £>4) in eq. (||) and (t — 2m^) in eq. (H). For on-shell 
amplitudes, these two terms agree. Therefore the on-shell amplitudes of both methods are 
the same, as it must be. Off-shell, however, they are very different, as seen in Fig. £|. If 
one wishes to use this amplitude as a potential in a scattering equation or as an off-shell 
ttN amplitude in another reaction, care must be taken to use a potential with an off-shell 
behavior that is compatible with the off-shell behavior of other diagrams (e.g. nucleon 
exchange). The off-shell behavior can be implemented easily in eq. (|8[), because here only 
the momenta of the two pions appear and the off-shell prescription of these momenta is 
given by the formalism used to solve the scattering equation for which the correlated tttt 
exchange serves as a potential. The importance of a proper off-shell behavior of the tcN 
amplitude constructed in a dispersion theoretical way is also pointed out in the calculation 
of the ttNN vertex in Ref. |II|. There the authors prescribe the off-shell behavior of the 



correlated two pion exchange by comparing the amplitude to the field theoretical amplitude 
for the exchange of a stable particle. 

The fact that the on-shell amplitudes, which are the ones we are interested in at the 
moment, are the same with both methods shows that our method leads to correct results 
where dispersion theory is applicable. This observation encourages us to proceed in the 
calculation of the correlated tttt exchange in the p channel. 

III. THE CORRELATED vrvr EXCHANGE IN THE p CHANNEL 

Let us start this section by taking a closer look at the source of the difference displayed 
in Fig. |l|. The coupling constants shown there are calculated by using different dispersion 
relations ]17). The dashed lines were calculated by using the amplitudes 

Pt \ "y 2t J t — t J t — t J 

B(-> M ) = 6v^/«<^f), (10) 

which we get by writing dispersion relations for j\ and j\ separately and inserting these 
into eq. (|A11|) . 

A different way was originally suggested by Frazer and Fulco |L3| and later applied by 
Holder and Pietarinen |TT[ to a calculation of the the pNN couplings. They define the 
combinations 

ri(t) = -^ (fid) - r^— /!(*)) 

r,w = ^ (/iw - ^f/:w) , (ii) 

for which dispersion relation are written. This leads to the amplitudes 

b« (m) = 12 (/^£!^iM + /^M^)1), (12) 



and to the solid curves in Fig. [l|. Note that the factor \ does not generate a pole at t = 4m 2 N 



since the / amplitudes obey the relation 13 



fl(4ml f )-^f_(4m%)=0. (13) 

Yet another possibility was suggested by J.M. Richard |LjJ. He defines two amplitudes 

hit) = fl(t) + ^fHt), (14) 

and formulates a subtracted dispersion relation for g and an unsubtracted dispersion relation 
for h 

m = *-*"*> fa- ImW)) 



7i J (f - t)(t' - 4m 2 N ) 
Since g(t) oc T 2 the amplitude A^ (and therefore the tensor coupling) is the same as in eq. 



12| . The amplitude B\J, however, reads now 

B^ = l2nm N (h(t) - g(t)) (16) 

and leads to a different vector coupling, shown in Fig. [I]. 

The fact that these three alternatives lead to very different amplitudes can be seen 



directly by comparing the eqs. (|I0D, ([12]), and (0|). One can see for example, that the 
factor -j appears in front of the dispersion relation integral over the / amplitudes in eq. 
(PH|), whereas it is absorbed in the definition of the T amplitudes in eq. (0). Of course this 
influences the convergence of the dispersion integrals which causes the differences between 
the couplings displayed in Fig. 0. These are the ambiguities mentioned above. 

Let us now calculate the p exchange by using the spectral function approach we have 
introduced in section [TJ. The calculation of the amplitudes in the p channel proceeds along 
the same lines as outlined in the previous section. The Lagrangian we start with is 



9 



Hint = gvVbpp 1 - ^—<y^d V p") T ~^ + 9/m^ X d^H)? (17) 

k = —). From this we calculate the invariant amplitudes 



</<• 



4 _) = ^^^(Pi +P3)»P P (t,m 2 p ) 

B { - ] = -g^(9v + 9t)P P (t, rn 2 p ), (18) 

which we have to weight with a spectral function to get the correlated 7T7t exchange. 

The two coupling schemes of the p to the nucleon as given in eq. ( |T7D , manifest themselves 
in two spectral functions which must be calculated from the two amplitudes f}_ and f\ by 
using eq. (JAll), but how to assign the propagators (spectral functions) is not yet clear. 



We could either define (a) separate spectral functions for the amplitudes A and B or (b) 
spectral functions for the vector and tensor part of the coupling. 

a) By using the ansatz 

A P ~ ] = gpniv—PtqtxDfit) 

B^ = -g p7T7T (g v + g t )Df(t), (19) 

the first method leads us to the spectral functions 

_ 12vr Im(fl(t)) 
Pp{) V2 9U9v + 9tV { } 

which we now use to construct the amplitude for correlated nn exchange via 

4;> = \J dmX(ml)A^ 

B { fJ ' = 1 j "^K)flW - (21) 

We finally obtain for the amplitudes 

4; } = -Q(W(Pi+P3)p) [dt'\ (V2m N ImU l _(t')) - 2Im(/J(f))) P p (t,t') 
z J p t , 

B& = -§V2Jdt'Im{f l _{t'))P p {t,t'). (22) 
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b) The different momentum dependence of the vector and tensor coupling as given in eq. 
(|ITD may lead to different dressing of these couplings in expressing the amplitude by a 
dressed propagator (as displayed in Fig. |3|) . The second possibility of defining spectral 
functions for the vector and tensor coupling takes this into account and leads us to a 
system of coupled equations 



tf,^ 12 *,i. 



- 9 P U9vD;(t) + g t D* p {t)) = -j=fl{t) 

g^—PMxBXt) = ^W fe/*(t) - fl(t)) . (23) 

' m N p pf \^2 J 

Solving this system of popagators and using the definiton of the spectral function given 
in eq. @ as well as the relations 

BV = -^ J dml(p;(m* p )g v + pl(ml)g t )P p (t,ml). (24) 

for integrating over the p mass distribution we get 

rriN J P t > \ V 2 j 

= 12 z Q ^ Pl+P3 ^ fdt'Im(T 2 (t'))PJt,t') 
itin J 

Bt ] = 12 fdt'^ (lm(fl(t')) - -*—l m (jl(fl)) P p (t,t') 

-12 J ^ (lm(fl(t>)) - ^Jm(/l(t'))) P p (t,t') 
= -12 J dt'lm(r 2 (t') + T 1 (t'))P p (t,t'), (25) 



where we have written our result also in terms of the T amplitudes defined in eq. (pT|) 
The amplitude B^J can be reduced further by using p\, = t' /4 — m 2 N to give 

BtJ = -U J dt'^pip^X). (26) 
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As can be seen by comparing A^ from eq. (p5|) and B^~ from eq. ( p6|) with the 
amplitudes in eq. (|22|) both methods lead to the same amplitudes. Therefore it does not 
matter how we assign the propagators to the different amplitudes or coupling schemes; they 
all lead to the same result. This makes our prescription for calculating the correlated tttt 
exchange in the p channel unambiguous. 

In comparing the amplitudes from the dispersion relation approach and the amplitudes 
from our approach using the spectral functions, we see, that the amplitudes of eq. ( |T!?| ) 
generated by the dispersion over the T amplitudes are in complete agreement with our 
amplitudes from eq. (|25|) . Furthermore we recognize, that the only difference between our 
amplitudes from eq. fl22f ) and the amplitudes from dispersing the / amplitudes of eq. ([lOD 



is the position of the term \. In our case this term appears inside the integration whereas 

in eq. ( |10D it appears in front of the integral. A dispersion relation over the amplitudes -4 

— Pt 

would therefore lead also to the eq. flT2|). The dispersion relation over -4 was done for the 
a exchange right from the beginning, since the known (model dependent) part of the f+ 
amplitude does not have the necessary asymptotic behavior as t — > oo ||13| . 



IV. SUMMARY 

To summarize, we have introduced an alternative method for the construction of ampli- 
tudes for the correlated nir exchange that does not suffer from ambiguities of the p exchange 
in approaches through dispersion relations. In the a channel our result agrees completely 
with the on-shell results from dispersion theory, however by starting from a field theoreti- 
cally constructed potential, our approach removes ambiguities in the construction of the off 
shell amplitudes. 

In the p channel the source of ambiguity in the coupling constants is traced to the choice 



/ 
pf 

choice agrees completely with dispersion relations over the F amplitudes used by Hohler and 



whether to perform a dispersion relation over the amplitudes / or the ratio -4- The latter 



Pietarinen. Our approach solves the problem of non-uniqueness and yields amplitudes that 



12 



are in complete agreement with the results from dispersion relations over the T amplitudes 
for on-shell processes. 
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APPENDIX A: DECOMPOSITION OF THE TRANSFER MATRIX 
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FIG. 5. Notation in the reaction channels irN — > ttN a) and NN — > tttt b) 



13 



The transfer matrix T is related to the standard S'-matrix by 

S fl = 5 fi - i^)~^\P f - PA (^^A ' (2co P2 2co Pi )^T fl . 
In the s-channel the transfer matrix T can be represented as 

T s (p 3 ,P4,Pi,P2) =M(p3,A 3 )^ t (/i 3 )C t (a4)T(s,t)M(pi,Ai)^(/ii)C(a2), (Al) 

where u(p,\) is the Dirac spinor of the nucleon with momentum p and helicity A. The 
isospin wave functions - £ for the nucleon and ( for the pion - explicitly depend on the third 
components as given in Fig. |5|. 

The operator T acts in spin-momentum and isospin space and can be decomposed into 

f(s, t) = f (+) (s, t)l- f { -\s, t)r ■ t, (A2) 

where f and t are the isospin operators of nucleon and pion, respectively. The index (+) = 
symmetric and (— ) =antisymmetric tells us how the amplitudes behave under exchange of 
the two pions. These amplitudes can be represented by 

f(±) = -(A^\s,t)h + rQ,B^\s,t)), (A3) 

where Q — \{p 2 + Pa)- 

The T matrix in the t-channel can be decomposed in the same way 

Tt(qa, 94, qi, <?2) = v(q 2 , A 2 )£ t (/i 2 )C t ("3)T(s, t)u(q\, Ai)f (//i)C(a 4 ), (A4) 

where the amplitudes T and therefore also A^ 1 and B^ are the same functions as in eq. 
( |Al| ) and eq. (|A3|) , however, in a different kinematic domain. 

In order to isolate the contributions of the a and p we have to perform a partial wave 
decomposition of the amplitudes A^' and B", 

A^(s,t) = Y / k2J+l)P J (x)A^\t), (A5) 

j z 

and the same for B^l The argument x of the Legendre polynomials Pj(x) is the cosine of 
the scattering angle in the t-channel. Due to crossing symmetry, the amplitudes Aj~ and 

14 



Bj have to vanish for even J and Aj and Bj~ have to vanish for odd J, so that the 
index J determines also the symmetry (±), which can then be dropped from the partial 
wave amplitudes. 



The / amplitudes introduced by Frazer and Fulco [ 13 1 are free of kinematical singularities. 



They are connected to the partial wave amplitudes in the following way: 



1 ( ~P 2 t_ A m N {{J + l)B J+ i + JBj^) 

J J+ (0 T J- lV«.n.U-l 



in 



(p t qt) J (2J + l)(p t q t ) 



1 JJ(J + 1) 1 



The momenta 



p t = J--m 2 N and (A7) 



ft = y I - ml (A8) 

are the t-channel momenta of the NN and tctc system in their cm., respectively. The index 
± gives the helicity of the nucleon ±~. The helicity of the antinucleon is fixed to +|. Using 
these amplitudes, the invariant amplitudes can be written as 



?7T^ 1 



Pt J / 



./ 



x 



x ( jj^— xP'Mfiit) - Pj{x)fi{t) 



i?W( g ,t) = 87r^i(2J+l) { f tqt) " P'Ax)fi{tl (A9) 



where Pj(x) = 4rPj(x). The symmetry (±) of the amplitudes is determined by summing 
only even (odd) J. The a and p contribution is contained in the J = and J = 1 term in 
eq. ( |A9| ), respectively. Explicitly, the amplitudes for the a channel read 

4 +) M) = -^(t) 
Pt 

Bi + \s,t) = 0, (A10) 

and for the p channel 
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AW( a> t) = 12^^/I(*)-/i(*)j 

Bl, + \s,t) = QV2nf 1 _(t). (All) 
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